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SUMMARY

Computer programs for the calculation of properties within
a reactive compressible turbulent air boundary layer on a flat
plate are described. The pressure is constant throughout the
boundary layer. The partial differential equations for energy
and species mass conservation are solved with arbitrary initial
conditions by a finite difference technigue. A variable wall
temperature boundary condition may be used. The boundary con-
ditions at the edge of the boundary layer are constant with
respect to the axial coordinate. The partial differential eque-
tions, which describe a two-dimensional diffusing flow may be
ccupled to a system of equations describing a one-dimensional
finite-rate air chemically reacting flow, and hence may bz used
in the numerical treatment of the two-dimensional reacting
boundary layer.
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YECHNICAL REPORT NO. 549

COMPUTER PROGRAMS FOR A REACTIVE

TURBULENT BOUNDARY LAYER - AIR VERSION

By B. Bellow

INTRODUCTION

This report describes an IBM-7094 computer program written
in the FORTRAN II language to calculate properties within the
turbulent bourdary layer, with air chemistry. The analysis is
described in Ref. 1. There are three versions of this pro-
gram, reflecting the substructure, reference, and sublayer
hypetheses.

Section I of this report wiil describe the details common
to all versions. Sections II and III will outline those
features peculiar to the substructure, reference, and sublayer
versions. The major differences in the three versions are the
computation of the parameter d/dx(4n 0) and the input format

for execution on the IBM 7094.



I. TURBULENT BOUNDARY LAYER-AIR CHEMISTRY

A. BRasic Equations Used

The program solves two partial differential equations
for the dependent variables. stagnation enthalpy ratio, "G",
and species mass fractions, "Yk", as functions of the two

independent variables X and §. These equations are:

r~ ua '1 — 3
%6 _ 2 |x. 3, e [;0 L)y aM)”
3x 3 |Pp 3 T on P_ 2y
(1)
4 2
3x oY Sq Y ax ''n Y

[k =1 to 7 in Eq. (2)

referring to species

0,N,NO0,05,0;,N; ,N0%]
Explanation of symbols:

Constants in coefficients

PP - Prandtl number
Se - Schmidt number
u, - Reference velccity
he - Reference enthalpy

..wllm
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Parameters that are dependent on X and .

— h
u = u/ue , G = h (3)
e
y-o [ 4
5 {|£41) e n o Lot 1} (4)
i d
ax mo) = - u_ ox (B) $3)

Equations (1) and (2) are converted to difference
form and solved by a tri-diagonal matrix method in subroutine
STEP. (See Section I-B for method of solution.) The species
equation [Eq. (2)] is solved first, followed by the enerqyy
equation [Eq. (1)]. A two-dimensional grid of lattice points
in the (f,¥) plane is constructed as shown in Fig. 1.

The properties of these mesh are identified by suit-
able subscripts and superscript as described below:

Subscript, i - mesh points in ¢ direction
k - scans over 7 species

Superscript, n - mesh points in £ direction.
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Subroutine STEP accepts the svlutions of the differ-
ence equations from the main program at horizontal point ﬁn
for all vertical points wi and then steps in the §-direction
to calculate the species, Yk, and the enthalpy ratio, G, at
point €n+l for all &i points. This data is supplied to the main
progran, for the subsequent calculation of the other thermo-
dynamic properties.

The mesh in the Y direction (see Fig. 1) is divided
into several regions. From the wall at § = 0, an analytical
region extends to ¥ = ¥; in which species and enthalpy ratios
are found from analytical expressioncs. For the region
P, < P < wM' the difference equations are solved using a
fine mesh immediately above the analytical region and a
course mesh in the remainder of the region. The fine mesh
size was required to provide the necessarv numerical accuracy
in the solution of the equations. There is an expansion re-

gion above ! = ¢M

1. Equations for Variables Computed
in Analytical Region

1 e 1
GAMMA = - “;a' [l- -{;;] P (7)
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BETA = (C1) (P) {G2+l - Gg } (8)
[G?+l _ Gg+l] _
ALPHA = - V¥ (GAaMMA) . (9)

Vb

The analytical regicn, extending from § = 0
(wall) to § = ¥, may be subdivided into an integral number of

Y steps. In this interval, -.lie enthalpy ratios, Gi' and

species mass fractions (Yk)' are computed from the relations:
i

_ BETA ({.-¥,) .
G’i”l . G2+l + ¥, (ALPHA + 3 i * + /i,y GAMMA}
\ 1.0—{ 3 Un o)} 9, !
(10)
( ol )WES { FELE n}
n+l nel | CL(®5) 0 8 ( k)o - k)o ,
.| =y + g . 11)
1 ()
1.0-{ 3 Un o)} 9,

-

The static enthalpy, h, is fournd from the stagna-

tion enthalpy and velocity by:

(12)

1
‘f:‘i’“

T

R S S ity o

i
|
|
|
sl




The mixture temperature 'I‘i is then obtained from
subroutine ENTHLP which computes temperature from static
enthalpy and species mass fractions (see Ref. 2).

The mixture molecular weight (WT)i and density

ratio (RH)i are found from

(WD), = ——,7 (13)

(RH) , = L (14)
1 Ti (Yk)e
T,|/ % T

molecular weight of kthspecie

M

(%),

species reference mass fractions (at edge).

The quantities M.kand (Yk)e are input data to the problem.

The gi's in Egs. (10) and (11) and the velocity
ratios_\.'fi are computed in subroutine HERB using the equations
of Ref. 1.

The incompressible viscosity "I-vIS" is found
from:

(1-vIs), = u./a. . (15)




If the compressible viscosities "C-VIS" are com-
puted (see Sense Switch 1 Option in Section V), they are found

using the relation:

’

o (1-vIs), + [éi»(Ln o)]gi £ o, e
(C-vishy = c/mT W, e, [ 1

1

The parameter (C/;) is explained in Sections II

and III.

(oo d

The vigcosity 4 and the parameter £ are computed

from the relations:

_ (3.05-10-%)772
N T+111.0

; T in deg. Kelvin (17)

FLY
'I:I LS
w0 (o]
\___/n’

= = (18)
1.0-¢°6 N (4n o)

where ¢ and 8 are functions computed in subroutine HERB (see
Ref. 1), and the subscript s which is explained later in Section

IIA refers tc edge of the sublayer.

“ - '
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2. Difference Equations Us=d for
Numerical Solutions

(a) Generic Form of Difference Eguations

The form of the generalized difference equa-
tion used to compute species concentrations and energy in the
region, Y; < Y < ¢M, is presented in part B of this section and

is of the form

a Pi-l + b Pi + C Pi+l =d (19)

The coefficients of these equations are com-
puted and then the resulting set of linear simultaneous equa-
tions are solved in subroutine STEP, first for species and then
for the enthalpy ratio. The incompressible eddy viscosities,
Ei' are supplied to STEP by subrcutine HERB. These viscosities
are then corrected at each P point for compressibility:

u 3

—rd 1 X
comp = “rmcowe ~ % Lay 0 @) ] (9) (20)

where Gi and g, are also obtained from HERB. These c¢ompressible
U's are used in the computation of the a, b, ¢ coefficients in
the generic difference Eq. (19) and will be referred to as u

w?! h no subscript. For the species conservation equation, the

Pi in the difference equation (19) represents (Yk)_ and the coef-

i
ficients are:

i

i
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se(A V)2
XY = _Ax_ (21) -

~n+1 a

a, = S+ S (A9 W), 3 (0 ) (22)

1 ~n+1l ~n+1l

b, = - lxy+ui+% + ui_%] (23)
~n+1l d

c, = ui+15 - Se(A ¥) (!b)i "d-g (4n o) (24)
n

In the fine mesh region (Fig. 1) the above
relations are used from i = 11 to i = 1r with A § being the fine
Y-interval. ¥,; is the first fine mesh point above ¥, and ¢,,
is the last fine mesh point below 3.

In the coarse mesh region, the above rela-
tions are used from i = 3 to i = M with (A w)c being the coarse

¢ interval.
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For Y3,

S (AP)2
e C 1 0) (26)

S el L

B is the total number of fine mesh intervals. Eguations (22)-(25)

become:

S

& =5 WL+ AV b g (Un o) (27)
~n+1 ~n+l
b, = - {AYQ + u2+;5 + B u2+;i] (28)
=2 Ay w L (tno (29)
2 = Uy T2 B g o
— A 4 n
(G, = - Ay (¥, (30)

For the generic form of the enthalpy ratio
difference equations, relations (21)-(24) and (26)-(29) are
used "7ith the Schmidt number "Se" replaced by the Prandtl num-

ber ~ ."
e

Relation (25) for the right-hand side of (19)

is replaced by:
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. -
a; = - Ret@f + Ry - Ry ] (31)

where

R—fp f—‘fifl L}:; [Ha -2 | (32)
i_LeZhe-\ P )| Tith L i+2 i+1.‘

2

u

which is an approximation to the term involving g%- 5%— l -

éLW u é%%L— in the energy equation (l). For the Ae in Eq. (31)
el

P_(Ay)?
Ae = TAx (33)

where the appropriate AY¥ is used depending on coarse or fine
mesh region. For i = 2 Eq. (31) is used for 4, with Ae

replaced by

2
.- P (A
es 2(A x)

1.0
1.0 + B ) (34)

B is the number of fine mesh intervals.

!
|
|
]
i
1




-

pra—

G s mw e

13

(b) Boundary Conditions for Difference
Equations at ¥ = ¥y

At ) = Y, the generic forms of the species and
energy equitions Are replaced by special analytical relations.

For the species equation, these are:

als =0 (35)

~

Dy +(A D) u
blS = ! F + % +£ __QJ__
2 (AE) (Ay). s~ A

2(A &)

(36)

Y, +(A ¢)F} 4 -

+ L————5~——- [5; (4n o) | [l.S(A-l)]
~n+l
3/,

Cig = - g—rAi— (37)

e zb)F

P +(A IPIE.] n {lb:],'*‘(A IMF] n
&)y g = [ 28 ) Mt 2 [A'l'oj ()

(38)
d
1301 gy o) ]
A seﬁW ol +(A P) ]

+

T e it i e a— e — S—

e ' : ' — s
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where (A w)F is the fine mesh interval and

Se A/E ‘P(lbj, ) 9/3
2=1.0 +— (39)

[3(a £)] [1,0 - gd; (4n o)-glj

After solution of the species equations for
the range of § from P, to ¢y‘ the species values at the wall

are calculated using the following relation:

+1 1 n+l n )
(Yz )k “ A [Yl * (A-l'o)Ywall]k (40)

The wall enthalpy ratio is found by subrou-
tine ENTHLP from the wall mass fractions (YI;H')k and the wall
temperature.

The energy equation is then solved for the

values, Gi' with the following boundary conditions at § = P,

ale =0 (41)




Pa—— - a—— —— N A

[remm— [ —s o o~

[R—

R I R e

=

e B - : e

15
¢ HA V) o Gf,}:l (l- % (4n @)- g,
bie = 2(A¢) + (4 il))FPe * Pev2$1 ®
r 1 [, +(A ¥) a2y
+ | n o)) | —=F
ay J 4 V2
fﬁ:+l
/a
S — (43)
1e pe(_A (b)F
DRI . ¥, 1- Ei (tn 0)- gx) n+l
4. |——Zaala t * ' ¢
1e 24 6(8 §) PeﬁW‘P ©
- wl n
tle@ e>] %
. ~n+l r 2
J u, P s
1 Ve 1 /2 = 2¥ _ N iy __‘.i_ .
iy [1 - Pe] @ o, Lua -(——"ﬁp ) ol (l 35 (4 0) 91)]

%

1
2p_(¥,)

AT
o i

[d . ][«bmA mF]
-l An O){ | —— =
ax 2 22 (2n,) 6(4®) (1-- ax (n °>'91)

J

6(4 £) (1— 3 (tn o) 91)

il
1 ;m
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3. Trea'mert of Psi Expansion Region

To eAsure that the solutions satisfy the boundary
conditions at the edge, an expansion region is included in
the ¥ direction.

Before solution of the species equations a% the
currert step, those solutions obtained at ¥ = ¢LM for the
previous step, are compared with (Yk)e' which are input. If
these compariscns differ by more than a specified tolerance,
called EPS, for any one of the species, the values (Yk)e,are
prescribed at an additiona. ¥ point which is added to the
mesh (M 1s increased by one). The convergence test is:

(V) 1y (%)

Is - S EPS? (45)
(Yk)e

NO -~ add 1 point to mesh

YES - do not add a point to mesh.

A similar test is performed on the eiiergy equa-

tion sulution. The test is as follows:

G. - 1.0| s EPS? (46)

I
S M

NO - add 1l point to mesh

YES -~ do not add a point to mesh.

- e g ——— - QTN S . . — = -
‘ x

whliH
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At all points in the expansion region, the u

and u viscosity parameters are set equal to the values of u

and u at ) = wM. The compressibility correction on u is not

applied in this region.

4. Equaticns for Parameters Computed after
Solution of Difference Eguations

Upon obtaining the sclutions to the species and
ernergy equations in the numerical region, the
main program computes mixture temperature ratios, Ti/Te’
molecular weights, (WT)i’ density ratios, (RH)i’ and incom-
pressible viscosities, (I—VIS)i, using Egs. (12) through
(15). I desired, compressible viscosities are obtained,
using (16). These parameters are printed as output.

The program then computes a value of'gi (4n O) to
be used for the next Ltep in the ¥ direction. The methods
used distinguish the substructure, reference, and sublayer
versions and will be detailed in Sections II and III.

Having cbtained il-(én 0), the rhysical coordinate

ax

"X" may be found from the coordinate X using

é% (4n 0)

X=~X. = - J d; (47)
X
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where Xin is L = initial vaiue of X, and Ain is the corre-
sponding value of X.

Other quantities computed and printed are the
heat transfer "Q-DOT,; and the skin frict.on coefficient CF,

which are defined by the fcllowing relationships:

g
[~ -—
.001285 4 _ (

7 pouehea

g = - (48)

V2 o P

e

o [ 4
2.0 “O T o E
CF = 5 (49)
o To

BTU

The units of ¢ are —— .
ft -sec l

Electron mass fractions are ccmputed from the

mass fractions of 0; and NO+ using the following relation:

Y _ = - 1820 . (49a)

The electron density in particles per cubic centi- !

meter is computed from:

ELECTRON PARTICLE DENSITY = (5.67x10%%)(p _)(Y _) (49b)
e e

<
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where Pe- is the density in slugs/ft®.

5. Finite Rate Chemistry Option

An option has been provided in the program
whereby one-dimensional finite rate chemistry reactions are
computed using the technique of G. Moretti (Refs. 3 and 4).
Using this option, the terms containing the species mass
fractions are modified to reflect the coupling of the one-
dimensional finite-rate chemistry relations, with the two-
dimensional diffusion equations. However, since the correct
time step for the chemistry equations is not known until the
diffusion equations are solved, a time step iteration is
required.

The iteratior procedure is as follows:

(1) An approximate A X is ¢ mputed from the
previous temperature and species profiles:

" 1-0°8 [Ji-(tn o)}'
© = - (A X)  (50)

g
B o

(1)
A t)i(x.) _ (A X) ] (51)

(pu /B )0,

il
hl
)
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(2) A firite rate chemistry step is performed at

e —— -

each mesh »oint, wi, on the species mass fractions, using the
ccrresponding temperature and density profiles and the "A t"
profile computed from Eq. (51).

(3) The diffusion eguations are then solved using
the chemically modified species profiles.

(4) New values of L (tn o) and c/; are compuated,

dy
(2)

and then (A X) found, using (50).

() 1f they

(5) (& x%) (2) is compared to (AX)
are within the specified tolerance, the species and energy
solutions are printed as the correct solutions. If the toler-
ance is not met, steps 2-5 are repeated with the new value of
(A t). Note that in this case the new value of g; (4n o) from
step (4) is not used in the left side matrices of the diffusion
equations for the next iteration. It is only used to get a new

(A t) approximation for the chemistry calculation.

B. Numerical Methods of Solution of
Basic Equations

Partial differential Egs. (1) and (2) are solved by
an implicit second-order central difference method known as

the Crank-Nicolson Difference Eguation.
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A
]
X i+l
L] X i X i
X i-1
n n+l a+2 4%’x

FIG. 2. CRANK-NICOLSON LATTICE POINTS

Assuming a two-dimensional mesh of lattice points
with "n" representing the horizontal or x direction and "i"
representing the vertical, or ¥ direction, we solve the

equation,

2—; = 'a% [ﬁ(x.w) Z—E] (52)

at a point (n+l), i, assuming known values of P at point n

for all values of i. Replace the right side of (52) by a

. : 3 : :
linear relation for the derivative g¢] from i-% to i+k:
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Each term in the numerator of (53) is approximated in the

Same manner.

_ n+l
3 -a—g)n+l ) Gn+l Pi+l Pi (54)
3 i+ i+h 84,
n+1
(; oP n+l - T+l PitPi1 (55)
5 = u i .
8., T Vi | B9
The left side of (2) 1is
pitl_pn
R (56)
X A X
Inserting (54)-~(56) into (53)
P?+1—P2 1 [~ N n+l
= u P -P - u P ~-P . (57
A X (A 9)7 iy (P17 Py) 1y F7R ) =

Multiplying both sides of (57) by (A ¢°) and rearranging terms,

the difference equation becomes:

-JEMMN&
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2 Ny 3
~ Pn+1_ [(A !b)i & 05 ] Pn+’ + 3 Pn+l _ i 1y p?
Yy TialT A ity Vik| i ivh i+l Ay i
(58)
Let
a8 = ui-%
P = o Tax T Yieg Uiy
€1 T Uiy
{ 2
4 - (A ab)i on
i~ Ax i°
Then (58) may be written in the form,
n+l n+l n+l
aipi-l + biPi + cipi+l = di . (59)

Since all Pi for a particular mesh line, n+l, are solved
simultaneously for i=1 to {, then we have a set of 4 equa-

tions of type (59) for the urknown Pi's.




s

24

written in matrix form as

(b, c, 0 0 G 0 ol [»,] a, ]
ag bs s 0 0 0 0 P, dy
0 dy b3 Csa 0 0 0 P3 = da

b P d

LO 0 0 0 0 aL L] 1Py L

(61)
or
AP = D (62)

To solve for the unknown P's, the coefficient matrix
(called A) is factored into a product of two matrices as

follows:

it
)

IMN]P (63)

ol b
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where
~
A- ) 0
@ A O
M = 0 as ﬁs
& Y1 ) 0

N
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(64)

The &, 8, and % values of M and N can be evaluated

by multiplying M and N and setting the elements of this product

matrix equal to the corresponding elements of A.

done it is found that

¥hen this is

i
l

i

i

]

?

iy
b

-ﬁ‘ﬁro 5
" ‘k
I
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G, = a,
i i
c
i=1
B. = Db, - MNoi=2,1
i i Bi—l (
4
Y. =7
i Bi )

] i

b =

Y m m" m‘ « T

and o = a; =0, B =Dby, ¥ = &/ky.
in (63) let Y = NP. Then since M is a bi-diagonal
matrix the transformed unknown column matrix Y can be solved

recursively from j=1 to {4, as follows:

s ——y

B 0 0 0 0 Y1 d,

0 03 8; 0 0 Ya da
d

L L B ) B 1

i*

e
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vi = /B
ya = (da-93y:.)/Bs (67)
Yy T (dé-aéyL-l)/ﬁL .
At this point, a boundary conditiun is imposed and y, is
modified such that
Yy
()" = =5 (68)
4
1+ E—
4
where Cy s u,-
The solutions Pi may now be calculated from ' by
sweeping backward from { to 1
1 Y1 0 0 0 Py Y1
0 1 Y3 0 0 P Ya

0 0 0 N 1 y&-l

£
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II. SUBSTRUCTURE AND REFERENCE HYPOTHESES

A. <Calculatisn of &/dx(4a 0)

Integrals are computed over the variable "ZETA"

(which is a transformed ¥ coordiunn.e) £~ temperature T,
species Yk' and normal coordinate "YCORD." These integrals

are:

430
1
Ts T 430 j Tzdc (70)
o
. 430
) =36 M X (71)

whera subscript s

2

denotes some mean value across the layer.

As proposed by Coles, the substructure hypothesis

is

®lia

L (72)
#S

where B is the mean value of viscosity in the region

0 s { s 430 and Z is the incoummpressible viscosity inde-

pendent of the variable x.

.

A ey ey s W i 2 ———m v

o ——— —————

29
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The normal y-coordinate is obtained using:

2z e\
YCORD = -3——2—-— J (7? dz . (73)
f) PHe ©

The computing scheme is then as follows: The finite
difference equations have been solved for the properties at

xn+l using the value of é% (fn 0) at xn (see Section I, B).

(For the first step, é% (4n 0) is an input value to the pro-

. + -
gram.) Having now the value of uz L from Eq. (17), the value

é% (4n 0) to be used for the step xn+l to xn+2 is:

(74)

AT
L"'

d R
ax (¢n 0) = n
By

The value of #S for n = 0 is computed from Eq. (17) using the
input temperature and species profiles.

a

ax (4n 0) thus lags the remainder of the solution by

one step.

Referring to Fig. 1 o2f Section I, the fine mesh region

for the substructure hypothesis extends over the interval (¢,.,¥,).

The ¥ step size between ¥; and ¥, ic therefore

g

we— R N

L2 ] Nt

[rEI—

S _—c " Y ——




(8 §), = —— (75)

where K is an input number to the program.

The integrals over the lecgarithmic region (Egs. (70)
and (71)] are found by trapezoidal quadrature in subroutine
INTEG, over the values of { used in the finite difference mesh.
Temperature and species values for the upper limit { = 430 are
found by linear interpolation.

Since the definition of { changes at { = 10.6 (see
Appendix III, Ref. 1), a special approximation scheme was
used for the { interval bracketing 10.6. This interval was
split into two intervals namely, {; tc 15.6, and 10.6 to {3,

where {; and {3 are the mesh values of ¢ that bracket { = 10.6

(see Fig. 3).

£=430

FIG. 3. QUADRATURE DIAGRAM AT { = 10.6

31
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A step drop in temperature is imposed at { = 10.6, yielding

and T10.6°

Two trape~

+
two temperature values, denoted TlO 6

zoidal integrations are then performed, the first from T, to
+ -

TlO.G' the second from TlO.6 to Tg. (See shaded areas I and
II in Fig. 3.)

+ -
] £ .
The values of T10.6 and T10.6 are obtained as follows:
ol =A+BB+cCp (76)
10.6
where
B = ¢/10.6 (77)
A= TO (78)
T T 1 1
[Z -5+, & - 51
C = 1 a:; — 2 2 (79)
U = up
Ta—TO
B = — -Cﬁa. (80)
g
The value of Tio 6 is foui.d from a backward linear
extrapolation of the temperatures T; and T where T is

430’ 430

the tempera.ure previocusly found by interpolation at

¢ = 430.

weiish m&“‘
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B. Modification of Grid Mesh
in Normal Direction

The number of grid mesh points in the normal or Y
direction is determined by the value of wM' or upper limit
of Y in the numerical region (see Section I). The initial
value of wM is known and a § spacing of wM/N is input as

(A &)C. As calculation proceeds in y direction, in-

wM
creases and additional mesh points are added with the (A.w)c.
When tbé total number of these points reaches 2N, the pro-
gram automatically doubles (A w)c and halves the number of
points, keeping solution values at every alternate point of
the original A .

For the fine mesh region, whose interval is also
doubled, alternate points are kept for the low2r half cf the
region. Points for the upper half of the new fine mesh region
are linearly interpolated (see Fig. 4).

For the coarse mesh region, every other point of the

original mesh is retained.
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PT. INTERPCLATED
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FIG. 4. DOUBLING OF A ¥ GRID FOR SUBSTRUCTURE
HYPOTHESIS
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C. Treatment of Wall Chemical Reactions

Finite rate chemistry reactions are computed at all
¢ points except at the wall, where an eguilibrium chemistry

computation is performed.

D. Reference Method Option

When the reference method option 1s exercised,

g% (4n 0) is set equal to zero. The reference state is still
given by the mean substructure values, i.e., Ts' (Yk)s, “s'

0/i, and YCORD using relations (70), (71), {(17), (72), and

(73) respectively.

I

iy
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II1. SUBLAYER HYPOTHESIS

A. Calculation of d/dx(4n @)

The sublayer assumption, proposed by Baronti and
Libby, asserts that the Reynolds number based on tne height
of the laminar sublayer is aa invariant of the compressibility
transformation. Instead of relation (72) for O/ﬁ, one uses

the following:

56 18 »p aqv

o 1 S
i 10.6 p 5
and
Fs 56'181(_"5)5@__3_( 1 8 Py
10.6 d ~ = d 10.6 [~
& (4n 0}= x 1° ] X ° i 28
ax ! 7]
S
(82)
where
d_{i-=_‘i__c1_"_e__”_s_d_(_"s -
ax i p p_|ax |r p dx |p
e S
4 fs) _ 3 'flg) a5, o0 (fs) Yy (84)
dx T |p d{,&_ - oY, \p | dX
d_‘fs)__a_ _"s)d_m}:_a_(é)d_"k @5)
= =
dx |p oT | e | AX - 3y, lp | 4x

il g
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5 Z (Yk/Mk)s
-] e 1l k
s S 2.(Yk/Mk)e
k
2 Eg)_fg 1 1 (87)
AY P TT. (M)
%{ s e Mk s E:(Yk/Mk)s
k
du
a - |—s| (4T ,
ax K = lar (dx) (88)
dMs - 3.05x10“eT 1.5 - T (89
ar T + 111.0 > T 7 +11.0/ /
The derivatives d4dT/dx and dYk/dx are evaluated numerically
as:
ar _ (T)n+liiT‘n (90)
ax xn+l_ n
ay v ) o )”
kK _ K k (91)
ax n+t+l n :
X =X

In relations (8l1l) to (91), the subscript s refers to

parameters evaluated at ¥ = 56.18.




The sublayer hypothesis applies to the fine and
coarse mesh ¥ regions, just as the substructure hypothesis
does. However, the fine mesh region now extends from ¥, to
Y = 56.18 and can be divided into a prescribed number of
intervals.

The normal y-coordinate is still computed from
relation (73). As in the substructure hypothesis, calcula-
tion of d/dx(4n ©¢) lags the remainder of the solution by
one step.

B. Modification of Grid Mesh
in Normal Direction

When the criterion for halving the number of
intz2rvals in the Y direction is mét (see paragraph 1,
Section II, B), the fine mesh ¥ points of the original solu-
tions are retained, i.e. the fine mesh region is undisturbed
for 0 = ¥ s 56.18 (¢s = 56.18).

For the coarse Y mesh region, 56.18 < Y < we' every
other mesh point of the original solution is retained.

C. Treatment of Wall Chemical Reactions

Finite rate chemistry reactions are computed at all
¢ points. At the wall, a tQie step is used that is equal to

the time step computed at the ¥ value closest to the wall.

See Eq. (51) for definition of time step (& t)i‘

it iitlag
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IV. DESCRIPTION OF INPUTS

A. Calculation of Initial Input Data

1. Given Informatinn

The following information must be specified:

. Xt 1 dition '
a External conditions (ue, pe, pe, Te Yke)

k =1, ... 7 representing species O,N,NC,0z,0z .Nz, and NO¥.

b. Wall conditions (TO, (Yk)o) k=1, ... 7.
(1) 1Initial compressible skin friction
. - 2
coefficient Ce To/peue.
(2) 1Init.ial compressible Reynolds number

based on momentum thickness -
R6 = peuee/#e.

¢. Initial temperature variation with velocity

ratio T(u/ue) through viscous layer.

d. 1Initial species mass fractioi variation with

velocity ratio Yk(u/ue) k =1, ... 7 through viscous layer.

2. Calculation of o/ﬁ

As a first step in determining the input data the
parameter O/ﬁ rmust be related to the incompiessible skin fric-
tion coefficient Ef. This procedure varies depending on

whether the substructure or sublayer hypothesis is utilized.
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a. Calculation of O/H According
to Substructure Hypothesis

For the substructure hypothesis, take

~ Ts(Yk)s} (92)

where “s denotes the viscosity of the mixture evaluated at
the temperature TS, and composition (Yk)S where these latter
are given by

430

l "
RS | Tdl (93)
O
L 430
) = 730 J Y, at (94)

k=3....7

In accordance with items ¢ and 4, T and Yk are known func-
tions of u/ue. Furthermore, from the Egs. (AIII-1l) through

(AITII-6) ‘given in Ref. 1 and the relatinns

0= |2 (95)
S

_ ¢-12.35
C& exp{ 543 + 2.03 (96)
and
u 1 u
u @ u (97)
e T

J
|
|
|
i

[T
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one can obtain the correspondence between the velocity ratio

u/ue and { fo: any particular value of Ef:

u u -
u - u (CI C
= e

f) :

Tnus the integrals appearin.” in {93) and (94) can be evaluated
(numerically if necessary) and will depend only on a choice of
c

£ Thus also O/E will be related uniquely to Ef; i.e.:

(99)

b. U/E According to Sublaver
Hypothesis

For the sublayer hypothesis, take

ou £6.18 p_ ~
s _ 1016 j s & = (100)

where p_ and b denote the density and viscosity of the
s <
mixture at E = 56.18. In general, the density is related to

the tempecatu.e and species by

7 7
P LA 4 Y
=-H1 % =
ek=l Mke kMk

ST

i
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where the Mk denote the molecular weights of the individual

species and are given. Since the Y, and T are related to the

k

velocity ratio through c¢ and d above we have

P

p
i p—
P P

’ . (102)

S
u
e

Now relate pe/p to % by the relation

= = lgi (103)

e P

so that, as in the sub-structure case, thnore can be written

formally

(cf). (104)

®liQ
=i

3. Calculation of ¢

a. With Cf given, solve for E; (by iteration)

from the following equation

. (105)

OlIHP
©

|

N~

.auwuug
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b. With R9 given, use Eqg. (105) and
R —
L _ 14
R_ = “e p (106)
6
Cf = Cf(R_e_) (107)
where Eg. (107) is given graphically in Fig. 5. The solu-
tion for Ef is again obtained by iteration.
4. Calculation of o, Cd' ¢M
Once an initial value of Ef nas been obtained
the corresponding values of ¢ and CG follow from (95) and
(96), while ¢M is obtained from
Py = - 30.81 + 2.43 8 An Gy + 2.47 50 + (-89 + 1.7 Lo
(108)

where £; = 0.131 CG'

5. Calculation of Initial Profiles
T®), Y(¥), G({¥)

From the given inputs there is available T(u/ue)

and Yk(u/ue). G(u/ue) is obtained from

T
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From the parametric relations

1 u .
— = = = furction of
u u

e e

v = ¥ ()

given in Appendix III of Ref. 1 there is tabulated the rela-

tion

u/ue = u/ue(¢)

where G, T and Yk can be obtairad as functions of Y. These
are plotted in graphical form from which the desired values

corresponding to the previously selected Y-mesh points wi

ire read off.

6. Numerical Example (Sublayer Hypothesis)

a. External conditions

1.344 x107° slugs/ft>

p =

e
u, = 2120 ft/sec
T = 122°K

e

B, = -4926 % 1.153 x 16" #/ft-sec
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(Ya)e = ,232

0.768 Pundlssgc1ated
e air

0; k=1,2.3,4,7 |/

~—
4
[ ]
e
|

]
x‘
]

b. Wall conditions

T = 306 ‘K
(0]

(v,), = (¥ )+ k=1, ... 7

c. Skin friction coefficient
c. = .0013 .

d. Tempefature distribution

[ M

T=T + (T -T ) — - (T_-T )
(0] S O u S e
e e e

can

1).

(Crocco integral; Pe
e. Species distribution

Yk(u/ue) = constant = (Yk)e .

Combining e, (101) and (103) gives, using the numerical data

AR

it
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P 7
7? 2.51 + 0.22 1%; - 1.73

-
*

P
e 2.33 194
— = 2.51 + -
P o
S
so that from (100)
jse.ls 2.51 , 0.22 _ | . jzi 5
~ - . g
oI'l's _ 1 0 LJ/zy @ M
-~ 10.6
" 251 o 2.33 193
2] 7o)
1.165 64.67
2.51 + -
2.33 194 :
2.51 + =
) @?

Now take an initial guess of Ef =

6
n

for which

2x10"° so that from (95)

22.4

0.451

2.06




ou
—= = 1.095 .
m

P
From the given data 22 - 1.131 so that from (105)
e'e
P KK HUOT _
c; = 52 2% = ¢, = .0012 < .0013
ele Bs H
A second guess of Cc_ = .0025 yields

f

Cf = ,00163 > .0013 .

A linear interpolatiocn gives as a third guess Ef = ,00212

for which one obtains

Cf = .00131 ~ .0013

which is the required result.

B. Input Formats for IBM Programs

In this section, the input formats for each of the
two program decks - Substructure / Reference Hypothesis, and

Sublayer Hypcthesis, will be described in detail. Refer to

the section on Nomenclature for allied information.

K— R —

i
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The term "card" refers to the standard IBM data
processing card consisting of 12 rows and 80 columns. The
term “format" refers to the mode of input. Symbolically,

these mcdes may be defined as follows:

I integer = XX (no decimal point)

E floating % X.XXX * YY (YY is the exponent
point to the base
10. * x.0x.10Y¥)),

For the E mode, the decimal point may be shifted from
the position indicated in the above example and the maximum
number of significant figures is governed by the field width
assigned for each "word" of data. The plus (+) sign may be
omitted in all cases, except for the sign immediately pre-
ceding the exponent for the E mode. An additional format is
the Hollerith mode which consists of alpha-numerical informa-
tion, and for our purposes, will be utilized exclusively for
an identificc*ion input card, which will subsequently be
printed as a title at - ne head of the output listing. It is
good practice to "right-adjust" data words within the indicated

field; that is, the word must be chifted to the extreme right

of the field.
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CARD

1.

Substructure and Reference Hypotheses

COLUMN

2

1

2-72

14-15

55

60

64-65

69-70

10

15

20

DESCRIPTION

Punch the number O
Title information
'Illl

Punch the number

M - Number of cocarse mesh points in "y"
direction, S 40

Total number of species = 7
Punch the number "1"

Maximum number of iterations on "AX"if
finite rate chemistry option is

requested (< 5)(See Eg. (50)]

Number of fine mesh points in "¥"
direction, s 25

m -~ Print c%cle number - print properties
at every mt X~-step, s 10

M - Punch same number as in cols.
card 2

14-15,

Chemistry option: Punch "1" if finite-
rate chemistry requested; punch "0" if
no chemistry

"G" input profile option

"1" - input temper- inputs on
ature in °K 8th set of cards
"2" - input stagnation A+l through C

enthalpy ratios

Reference or substructure hypothesis option
"0" - substructure hypothesis
"1" - reference hypothesis

FORMAT
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CARD COLUMN

4 1-15

31-45

61-75

5 1-15

16-30

31-45

46-60

6 1-15

16-30

16-30

31-45

46-~60

61-75

8 1-15

16-30

46-60

73-75

DESCRIPTION

"A Y" for coarse mesh = (by=¥, ) /M

Final value of "x"

b, -

initial ¢

"(co)o" - initial C6

"HE" - reference stagnation enthalpy
(fta/seca)

"O £" - CSI step size

"DPSY" - "Y" step size hetween wall

and uwl "
"TROLL" - tolerance for :iteration on
"A X" for chemistry (approx.
0.05) [see Eg. (50)]

"EPS" - tolerance for adding point to
species or energy solution
matrix (approx. 0.001) [see Egs.
(45) and (46)]

"Pe" Prandtl number

"Se“ Schmidt number

", " first numerical ¥ value after wall

“Te" reference temperature (°K)

"ue" reference velocity (ft/sec)

"Pe" reference density (slugs/ft")

"ue" reference viscosity (lb—sec/ftz)

o d
Initial value of P (4n 0) (sub-
structure version only). Use zero it not

krown.

"SS" - punch 1.0 if é% (tn 0)
(cois. 50-60) is not zero

51

FORMAT




52
CARD COLUMN DESCRIPTICN FORMAT
9,..A 1-15,16-30, Initial wall species for species E
.61:-75 1l to 7. The specifs are O,N,
1-15, 16-30  NO0/0a.0s,Ns and NO .
A+l,A+2..B 1-15,16-30, Values of ¥, at all fine mesn E
«.61=75 points along initial Y-mesh
; line from ¥=y, to point
Ly K2iEEs immediately below ¥={g
B+1l,B+2..C 1-15,16-30, Values of Y, at all coarse mesh E
..61=75 points along initial ¥-mesh
1-15, etc. }1ne f;om b=, to ¥=dy,
inclusive
r.Repeat cards "A+l" to "C" for remaining species
Y, through Y,, and then for "G" prcfile. Thus
there are 8 sets of cards desigrnated A+l
through C
c+lo .D 1-15'16-30, (Y ) for k = 1' 2'...'7. E
..61-75 (Mass fractions at edge of
1-15, 16-30 boundary layer)
D+1 Wall temperature function vs. "X" E
(Ty), = A + B, X, for X £ X,
('I‘W)a = A; + B3 X, for X 2 X
1-15 A, (°K)
16-30 as, (°K)
31-45 B;, _K/units of X;
46-66 Ba, _K/units of X
61-75 X;PeUe/Me), where X3 is in feet
D+2..E 1-15,16-30, Molecular weights, My, for species E
0061-75 1 t°‘7
1-15,16-~30 These values are: M;=16.0, M3=14.0,
: :’h=3000' M‘£32.0' m=32.0' m=2800'
My =30.0
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2. Sublaver lypothesis
CARD COLUMN DESCRI PTION FORMAT
1 1 Zero
2-72 Title information H
2 4-5 Number of fine mesh points in "¢" I
direction, s 25
9-10 M - Number of coarse mesh points in "{* I
direction, = 40
14-15 TOTAL number of mesh points in "Y" I
direction (sum of values in cols. 4-5
and 9-10C)
19-20 M (same as in cols. 9-10) I
24-25 Punch same as in cols. 14-15 I
30 "G" input profile option I
Punch “1" - if temperature in degrees
Kelvin are input on 8th set of
cards A+l through C
Punch "2" - if stagnation enthalpy ratio
* (h/h ) are input on 8th set of
cards A+l through C
35 Punch a "1" I
1
40 Punch a "7" I
; 44-45 m - Print cycle number -~ print properties I
at every mth y.step, s 10
50 Chemistry option: Punch "1" if finite-rate I
chemistry
requested;

Punch "0" if no chemistry
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CARD  COLUMN
2 55

60

20

4 1-15

31-45
61-75
5 1-15

16-30

31-45

46-60

6 1-15

16-30

7 1-15
16-30

31-45

DESCRIPT1ON

Purich "1"

Chemistry opticn for (0g)
"4" - {(03) is not included in chemistry

reactions

"5" - (0g3) is included in chemistry
reactions

Punch "1" h

-

Maximum number of iterations on
"A X" if chemistry option is
requested, £ 5 [see Eq. (50)]

"A Y" for coarse mesh region between
Y = 56.18 and Y = wM

"§p" = final value of CSI
"@," - initial ¢
"8o" - initial ZETA DELTA

h - reference stagnation enthalpy
(££2/sec?)

“"A £" - ¢ step size

"DPSY" - A Y tor "Y* between wall and
V=P

"TROLL" - tolerance for iteraticn on
"4 X" if chemistry option is
requested, approx. .05 [see
Eq. (50)
"ERS" - tolerance on D for adding pt. to
solution matrix, approx. 0.0l [see Egs.
(45) and (46)]
P, - Prandtl number

Se - Schmidt number

Y, ~ First numerical "¢" value above wall

s W — -, ) - - —“-—.
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CARD

9;..A

A+l.A+2 . .B

B+l.B+2..C

COLUMN
46-6C
51=-75

1-15

le- 39

46-60

61-75

1-15,16-30,

..61=75
1-15, 16-30

1-15,16-30.

..61-75

1-15, etc.

1-15,16-30,

1-15, etc.

DESCRIPTION
T, - reference temperature (°K)
u, - reference velocity (ft/sec)
p - reference density
e 3
(slugs/ft”)
“e - reference viscosity

(lb-sec/fta)

Initial value of éL n o}

‘fuse zero if not known)

"SS" =~ punch "1.0" if cols. 46-60
is not zero or blank

Initial wall species for species
1l to 7. The species are O0.N.NO,
03,0z -N3 and NoOt

Values of Y3 at all fine mesh
points along initial Y~-mesh line
from ¥=¢; to point immediately
below ¥=56.18

values of Y; at all coarse mesh
points along initial Y-mesh
line from §=56.18 through Y=Yy

Repeat cards A+l through C for remainirg species

Yz thoough ¥» and then for G profile

thus there

are 8 sets of cards designated A+l through C

C+l D

T

1-15,16-30.

..61=75
1-15 16-30

(Yg)g for k. = 1,2 ...7
{(Mass fractions for cdge
of boundary layer)

&)

s g
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CARD

D+1

D+2. .E

COLUMN

1-15
16-30
31-45
46-60
61-75

1-15,16-30,
..61-75

1-15,16-30

DESCRIPTION

wWall temperature function vs. "X
(Tw)1 =A; + B, X, for X sx

(Tw)a = A3 + Bz X, for X 2 X

a (°K)

Az (°K)

B, _K/units of X,

Bz "K/units of X

X;-(peue/pe), where X; is in feet

Molecular weights My for species
1l to 7

These values are: M;=16.0,
M3=14.0, M3=30.0, M4=32.0,
m=3200’ M6=2800' M’7=30.0

FORMAT

E
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V. DESCRIPTION CF OUTPUTS

The output of the program consists of a title page con-
~alning program title, names of originator and programmer,

a title statement describing the type of computer run, date,
etc., and then 17 lines listing the numerical values of all
input data.

For eaclhi step in the X direction (CSI), or horizontal
cocrdinate, results are printed in a three page format listing
the .ollowing information:

Page 1 - The value of "CSI" followed by a seven
column table. Each rcw of the table represents data for a
value of "PSI," or vertical coordinate. The columns are,
from left to right, (PSI), stagnation enthalpy ratio, G,
temperature (TEMP), density (RHO), molecular weight of the
rmixture, (M), electron mass fraction (ELEC. CON), and elec-
tron density in particles per cc.

Page 2 - An eight-column table where the first
column contains each value of PSI, while the remaining col-
umns are the mass fractions of each specie. The species are,
from left to right, O, N, ¥ ., Os, Oa, Nz, and No™.

Page 3 - A five-column table where the first column

contains the vertical "ZETA" variable corresponding to each




A,MW‘%

(I

ittt S A LA 1

58

“PSI" value. The remaining columns are, from left to right,
incompressible viscosity (I-VIS), compressible viscosity

(c-v1I8), velocity (U-BAR), and the physical vertical coordi-

nate associated with PSI and ZETA, the (Y coordinate) in feet.

Following the data table on page 2 are printed two
integers, LE and LS. They indicate the number of PSI values
used in the energy and species solutici's, respectively.

Following the data table on _age 3, except rfor GSI = 0,
are printed the values of X-coordinate, PHI, ZETA DELTA,
DDCHI LOG SIGMA, SIGMA OVER MU-BAR, heat traunsfer g-D°7T i -
BTU per square foot-sec, and Cr.

Of the preceding quantities, stagnation enthalpy,
density, temperature, veclocity, and viscosity are necsmalized
with respect to the input edge conditions.

Examples of the output described herein, appear in

Appendix 2,
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VI. OFERATING PROCEDURE

The program was written for the IBM 709/90/94 digital
computers and uses the IBM FORTRAN II monitor system.
The FORTRAN II monitor system has standard tape desig-

nations, which are:

A2 -~ Standard input tape
A3 - Standard BCD output tapo

Al

Systems tape

AS

Binary tape for restart procedure.

An IOU subrontiné is included in the object deck to
ensure compatibility with the logical assignment of tapes.

"Checkpoint" Procedure

If a restart option is to be implemented a tape must be
mounted on logical unit A5. Depressing sense switch 6 at
any time during the course of a run will dump the contents of
core memory onto tape A5 and then terminate the run. Tape
A5 is dismounted and saved for future use. Tape A3 may then
be listed.

To restart at a future time, the binary tape that was saved,

is again mounted on logical unit A5 and a small binary object
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deck labelled "RESTART is used as the prcgram deck. The
program will read the contents of tape A5 anc¢ processing will
commence from the point where it was formerly dumped. Pro-
cessing will continue until Sense Switch 6 is again depressed
for a second dump onio tave A5 for a future second restart,etc.

To protect the original information on tape L5, a second
tape may be mounted on a unit to be designated as A5 after
the original tape has been read by the 7094. The unit with
the original tape should be dialed off and the tape dismounted.
Core memory will he dumped on the second tape for a future
restart.

The program is normally *terminated by specifying a value
of CSI FINAL on input card 3. When the program has calculated

the data for the first value of CSI which is gcreater than CSI

1]

FINAL, the proyram will automatically process additional sets
of input data, or in the absence of such cards, will terminate.
A maximum time limit should be specified in the instructions
to the operator in this case, in the event of a failure of the
program to achieve a value of CSI FINAL.

There are several other program stops, caused by numer-
ical errors, wherein the program will print a code number, and

in some cases an alphabetical statement descriking the error.
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A list of these error stops is given in Appendix 1. The
program will then either process the next data case, or
terminate just as in the case of a normal stop at CS1 FINAL.
Several options for methods of numerical calculation of
the program can be specified on input card 8 and are des-
cribed in Section IV. There is one option controlled by

Sense Switch 1 as follows:

SENSE SWITCH 1

UP - Compressible viscosities are not
computed and printed. In this case,
either the number O or the values o1
incompressible viscosity are printed,
the latter for values of PSI greater
than PSI DELTA.

DOWN - Compressible viscosities are

computed and printed.

Sense Switch 1 instructions need be given to the machine
operatcr only if the Sense Switch 1 DOWN option is desired.
See Egs. (15) and (16) for the equations defining

incompressibi> and compressible viscosities.
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NGMENCLATURE

stagration enthalpy ratio = H/He
stagnation enthaliy = h + w?,2

stati. enthaipy of species; h = kY%

Fo )

effective Prandtl number

heat transfer per unit time per unit area
eftective Schmidt number

static temperature

mass averaged velocity in axial direction
molecular weight of species k

axial coordinate

normal coordinate

boundary layer thickness

transformed variable defined by Eq. (35)
of Ref. 1

transformed variables defined by Eg. (53)
of Ref. 1

stretching function {see Eq. (1l5) cf Ref. 1)
momentum thickness
laminar viscosity coeffici .t

kinematic viscosity coeffic:ent

oT—
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Subscripts

e

(")

;

transformed variable (see Eg. (47)) of Ref. 1
mass density

eddy viscosity

shear stress

Ue/UT

stream fuuction defined by Eg. (57) of Ref. 1

free stream

incompressihble state

63
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LIST OF ERROR STOPS
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PRINTED
NUMBER

DESCRIPTION OF ERROR

25

26

En element in Column 2 of species or energy
difference eguation matrix is equal to zero

The number of ¥ values given to Subroutine HERB

is greater than 149

A value of Y greater than PSI DELTA plus 1/2
DELTA PSI has been computed by Subroutine HERB

Subroutine HERB has taken more than 15 itera-~

tions “o compute & value of ZETA

No value of 'ZETA" is greater than 4390

Subroutine HERB has computed a value of PSI

DELTA less than 1/2 DELTA PSI

. i e e
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